Abstract. We show that if a finite group G is the Galois group of a Galois cover of P 1 over Q, then the orders p n of the abelianization of its p-Sylow subgroups are bounded in terms of their index m, of the branch point number r and the smallest prime | |G| of good reduction of the branch divisor. This is a new constraint for the regular inverse Galois problem: if p n is suitably large compared to r and m, the branch points must coalesce modulo small primes. We further conjecture that p n should be bounded only in terms of r and m. We use a connection with some rationality question on the torsion of abelian varieties. For example, our conjecture follows from the so-called torsion conjectures. Our approach also yields a new viewpoint on Fried's Modular Tower program.
Introduction
The central idea behind this work is this. Suppose we are given a finite Galois cover Y → P 1 over some field k with Galois group G and with ramification indices prime to some prime divisor p of the order of G. Then if P is a p-Sylow subgroup of G, the containment [P, P ] ⊂ P corresponds, via Galois theory, to a non-trivial unramified abelian curve cover Z → X (with group the abelianization P ab ). This imposes some non-trivial condition on the Jacobian Jac(X).
We deduce some bounds on the order of P ab . The first ones, theorem 2.1 and theorem 2.6, use known estimates for the number of rational torsion points on a Jacobian variety, over a finite field for theorem 2.1 and over an -adic field for theorem 2.6. If k = Q for example, we obtain a bound involving the number r of branch points, the index m of the p-Sylow subgroups of G and the smallest prime | |G| of good reduction of the branch divisor of Y → P 1 . We also have a conjectural bound, which only depends on r and m: conjecture 2.2 relies on standard conjectures on the torsion of abelian varieties over a number field.
These bounds for the order p n of P ab can be regarded as new constraints in inverse Galois theory: from our theorems, the branch points of a Galois cover Y → P 1 Q of group G must coalesce modulo small primes not dividing |G| if p n is suitably large compared to r and m; from our conjecture, p n should actually be bounded in terms of r and m. Dihedral groups D p n are typical examples: if r is bounded, possible realizations as above have bad reduction modulo any given prime = 2, p provided n is suitably large and conjecturally only finitely many of them can be realized with r bounded. More generally we show this holds with the dihedral groups D p n replaced by characteristic quotients G n of the universal p-Frattini cover of any finite group.
These results have some modular interpretation in terms of existence of rational points on certain towers of moduli spaces -Fried's Modular Towers -which the tower of modular curves (Y 1 (p n )) n 1 is the starting example of. We show the main conjecture of the Modular Tower program is a special case of our conjecture, and so also a consequence of the standard torsion conjectures. And as a consequence of our results, we prove a weak form of the Modular Tower conjecture.
The paper is organized as follows. Theorem 2.1 and conjecture 2.2, our central statements, are given in §2.1. Theorem 2.1 is proved in §2.3 and some generalization of it, theorem 2.6, in §2.5. Some first consequences to inverse Galois theory, including a proof of conjecture 2.2 for 3 branch points covers, are given in §2.2 and §2.6. In §2.4 we discuss the connection with the torsion of abelian varieties. Section 3 is devoted to the Modular Tower program. The Modular Tower conjecture and corollary 3.1, our weak form of it, are first given in §3.1 in terms of realization of the characteristic quotients G n alluded to above. The connection with conjecture 2.2 and the torsion conjectures is also established in this subsection. §3.2 reinterprets corollary 3.1 and the Modular Tower conjecture in terms of moduli spaces. §3.3 is concerned with the PGL 2 -reduced variants for which covers and their moduli spaces are regarded modulo the natural action of PGL 2 . The paper ends with an appendix about the equivalence of the versions of the Modular Tower conjecture over stacks and over moduli spaces.
Central Results
Given a field k, we denote its algebraic closure by k, its separable closure by k s and its absolute Galois group by Gal(k s /k).
Given a k-curve 1 B and a finite group G, a k-G-cover of B with group G is a Galois cover f : X → B of k-curves given with an isomorphism between its automorphism group and G
2 . An isomorphism between two k-G-covers f : X → B and g : Y → B is an isomorphism χ : X → Y of k-curves such that g • χ = f and which is compatible with the actions of G.
A k s -G-cover f : X → B k s 3 is said to be defined over k if there exists a k-model of f , that is a k-G-cover f k : X k → B such that the G-cover obtained from f k by extension of scalars to k s is isomorphic to f . In this case, k is the field of moduli (relative to the extension k s /k): that is, f is isomorphic to each of its conjugate covers f τ where τ ∈ Gal(k s /k). The converse is not true in general; see [DD97] for more on fields of definition versus field of moduli. We note that if f : X → B k s has field of moduli k, then its branch divisor is defined over k.
Suppose given a field F with a discrete valuation v with valuation ring R and such that the curve B has a model B R over Spec(R) with good reduction. We say that a proper closed subset D ⊂ B F is smooth at v (or modulo its valuation ideal p) if each geometric point of D is defined over F s and if no two F s -points of D coalesce at any prime over p, i.e. for any two F s -points of D, their closures in B R s do not meet on the fiber over any prime of R s lying over p, where R s is the integral closure in F s . For B = P 1 , this last condition can be rephrased more explicitly: View P 1 F s as the t-line and consider two geometric points α = (t = a) and α = (t = a ), where a, a ∈ F s ∪ {∞}. Then α, α coalesce at a prime p s of R s over p if |a| p s 1, |a | p s 1, and |a − a | p s < 1, or else if |a| p s 1, |a | p s 1, and |a −1 − a −1 | p s < 1. We sometimes say D has good reduction at v instead of "smooth at v". In the opposite case, we say D is singular or has bad reduction at v.
Central statements.
In the statements below, we consider the general situation where P is any subgroup of G (and not only a p-Sylow subgroup as in the introduction).
Theorem 2.1. Let G be a finite group, k be a henselian field (for a discrete valuation v) with finite residue field F q of characteristic prime to |G|. Let f : Y → P 1 be a k s -G-cover of group G, field of moduli k and branch divisor smooth at v. If P is any non trivial subgroup of G of order prime to each of the ramification indices e 1 , . . . , e r of f and P ab is its abelianization, then we have
1/e i ) and e = 2, 718 . . . . A more general and improved form of theorem 2.1 is given in §2.5. For example we need not restrict to covers of P 1 and some of the assumptions (e.g. ramification indices are prime to |P |) can be weakened. Theorem 2.1 is the ready-to-use version for our main application in section 3. Theorem 2.1 and its generalization are proved in §2.3 and §2.5.
Assume G has a regular realization over some number field K, i.e. there exists a G-cover f : Y → P 1 of group G defined over K. If P is a subgroup of G as above, it follows from theorem 2.1 that |P ab | can be bounded in terms of K, [G : P ], r and the places of bad reduction of the branch divisor. We conjecture the last dependence is unnecessary.
Conjecture 2.2. Let m 0 1 and r 0 be two integers. Let G be the Galois group of some G-cover f : Y → P 1 defined over the number field K with at most r branch points. If P is any subgroup of G of order prime to each of the ramification indices e 1 , . . . , e r of f and of index [G : P ] m 0 , then the order of its abelianization P ab can be bounded by a constant depending only on r, m 0 and K.
There are several variants of the conjecture: its conclusion may be required to hold only for p-subgroups P ⊂ G (with a constant also depending on p); or the exponent of P ab , instead of its order, may be claimed to be bounded; the dependence of the constant in K may only involve the degree [K : Q], etc. We will specify when necessary which variant may or should be used.
2.2.
A new constraint in inverse Galois theory. The case P is a non trivial p-Sylow subgroup of G is of special interest as the order p n of P ab is p (and even p 2 if |P | p 2 ). Assume as above a regular realization f : Y → P 1 K of G defined over the number field K is given with at most r branch points and prime-to-p ramification. Conjecture 2.2 predicts that p n should be bounded in terms of r, m = [G : P ] and K. Theorem 2.1 yields the following. For instance, if |G| = 3 . 97 N with N 2, then every 4-branchpoint regular realization of G over Q with prime-to-97 ramification necessarily has branch points that coalesce modulo 2. Other more structured examples are given in example 2.5 and in §3.1.
It was already known that the branch points of potential regular realizations of some finite group G over some number field K should satisfy certain conditions: their number should be bigger than the rank of G (a topological condition); actions of Gal(K/K) on them and on the ramification type should be compatible (an arithmetical condition known as the "branch cycle argument" [Völ96, p.34] 
where Y k → X k is a k-G-cover with group P and which is unramified due to the assumption on |P | (in particular X k is of genus g = 0) and
The abelian etale cover Z k → X k induces a k-isogeny α : A → Jac(X k ) with the property that its geometric kernel ker(α)(k s ) is isomorphic to the trivial Gal(k s /k)-module P ab [Cad07c, lemma 1.4] 5 ; in particular, ker(α)(k s ) is contained both in the |P ab |-torsion part of A and in A(k).
From [Ful69, theorem 3 .3], the cover X k → P 1 k has good reduction at v and so do the curve X k and its Jacobian Jac(X k ) [Mil86, corollary 12 .3]. As we assume (q, |G|) = 1, the isogeny α reduces modulo v to an isogeny α :
. Furthermore reduction modulo v is injective on the |P ab |-torsion part of A [BLR90, lemma 7.3.2] and so also on ker(α)(k s ) ⊂ A(k). Whence
The right-hand side term in the desired inequality corresponds to the upper bound, due to Lachaud and Martin-Deschamps [LMD90] , for the number of rational points over F q on the Jacobian of a curve C of genus g given as a cover C → P 1 of degree [G : P ] 6 . The value of g given in the statement comes from the Riemann-Hurwitz formula.
Torsion of abelian varieties.
A central point of the proof of theorem 2.1 is that (*) given a G-cover Y → P 1 defined over a field K with group G and r branch points, if P ⊂ G is a non-trivial subgroup of order prime to each of the ramification indices e 1 , . . . , e r of f , then a K-curve X K of genus g = 1+ 1 2
1/e i ) 1 and a K-isogeny α : A → Jac(X K ) can be constructed with the property that its geometric kernel
This had been used in this context in special situations (see example 2.5 below) but has been developed in this generality in the first author's thesis [Cad04] . It is further investigated in [Cad07c] .
If K is a number field, standard conjectures on torsion of abelian varieties, which we recall below, impose sharp bounds on |P ab |.
Torsion Conjecture. Let A be an abelian variety of dimension g 1 and defined over some number field K. Then the order of the torsion subgroup of A(K) can be bounded in terms of g and K.
There is also a p-Torsion Conjecture in which a prime p is fixed and it is the p-part of the torsion subgroup of A(K) that is bounded, by a constant also depending on p. Strong variants have the dependence in K of the constant only involve the degree [K : Q].
The discussion above, conjoined with the fact that g can be bounded in terms of the index [G : P ] and r, shows the following.
6 More specifically the bound is obtained from [LMD90] by conjoining their lemma 3 with the inequalities given in the proof of their theorem 3. In some cases, the more standard Weil's inequality |Jac(X k )(F q )| (q + 1 + 2 √ q) g is better than this one; it can be used alternatively.
Proposition 2.4. The Torsion Conjecture implies conjecture 2.2. The p-Torsion Conjecture implies the weaker form of conjecture 2.2 in which P ⊂ G is a p-subgroup. Furthermore the possible dependence of the constants in K through [K : Q] is preserved via these implications.
Example 2.5 (dihedral group example). Consider the group G = D p n (dihedral group of order 2p n ) with p an odd prime and n 1. Theorem 2.1 immediately yields that any regular realization of D p n over a henselian field k (as in theorem 2.1) with a bounded number of branch points and with ramification indices equal to 2 necessarily has a singular branch divisor if p n is suitably large. As for conjecture 2.2, it implies the following statement, which is still open for r > 5.
. Given a number field K and an integer r 3, only finitely many groups G = D p n with p an odd prime and n 1 can be regularly realized over K with at most r branch points (and ramification indices equal to 2) 7 .
For r 5 it was proved in [DF94, §5.1]. The main case is r = 4. The genus g of the curve X K from (*) above is then g = 1 and so the result follows from the Mazur-Merel theorem (that is, the case g = 1 of the Torsion Conjecture).
The dihedral group example was the starting point of the Modular Tower program. Section 3 will be devoted to the implications of our central results in this more general situation.
2.5. Generalization of theorem 2.1. We give here a generalization of theorem 2.1 where we let the base space of the cover f be a more general curve than P 1 , we relax the assumption that the ramification indices are prime to |G| and we use recent results of Clark and Xarles [CXar] on the number of torsion points of abelian varieties over -adic fields to weaken the good reduction condition, to sometimes drop the condition ( , |G|) = 1 and to refine our bounds.
Let k be a henselian field (for a discrete valuation v) with finite residue field of characteristic > 0 and of cardinality q = f . Let e = v( ) 8 denote the ramification index of k. [CXar] provides a bound for the number of k-rational torsion points on a g-dimensional abelian variety A with anisotropic reduction, under the additional assumption that k is of characteristic 0. We denote it by CX( , e, f, g, α, µ, β): in addition to , e, f, g, it involves the respective dimensions α, µ, β of the unipotent, toric and abelian parts of the special fiber of the Neron model of A. Specifically, we have
where [x] denotes the largest integer x and η(α) = prime m (α) with
Theorem 2.6. With k as above, let G be a finite group, f : Y → B be a k-G-cover of k-curves with group G and ramification indices e 1 , . . . , e r and P be any subgroup of G.
(a) If the quotient curve X := Y mod P has potentially good reduction and | |P ab |, then
g where e i = gcd(e i , |P ab |) (i = 1, . . . , r) and g is the genus of X, i.e.
(b) If Jac(X) has anisotropic reduction, k is of characteristic 0 and | |P ab |, then
(c) If X has good reduction and k is of characteristic 0, then
Proof. As in the proof of theorem 2.1, factor f : Y → B as follows:
o o B where I ⊂ P ab is the subgroup generated by all the inertia subgroups of Z → X. Again the abelian etale k-G-cover Z → X induces an isogeny α : A → Jac(X) with kernel isomorphic to the trivial Gal(k s /k)-module P ab /I. In particular we have |P ab | |A(k) tors | |I|. Here we use the uniform bounds for |A(k) tors | given in the main theorem of [CXar] (more specifically we use their bound (1) for our statement (a) and their bound (2) for (b) and (c)). One thing to notice is that from [BLR90, chap.VII, prop.6.6] if Jac(X) has (potential) good reduction then so does A and if Jac(X) has anisotropic reduction then so does A provided α is of prime-to-degree. It remains to bound |I|. For each point P ∈ X(k sep ) above some branch point t i of f (i = 1, . . . , r), pick a generator ω P of some inertia group of Z → X above P , and denote its order by ν P . Then I is generated by all these ω P and so |I| P ν P . Now clearly ν P divides both e i and |P ab |, whence the announced bound, which also holds in the case P ab /I = {1}.
Remark 2.7 (on the good reduction assumption). Each of the following conditions guarantees (potentially) good reduction of the curve X in theorem 2.6; for the first two see [KM85] (corollary A7.1.2 and proposition A7.1.3 respectively).
( The following condition is even stronger and also implies (GR2) as well as the first part of (GR1); it is the assumption made in theorem 2.1.
(GR0) The branch divisor of f : Y → B is smooth and | |G|. Also, under (GR0), the field of moduli of a G-cover with general base B is a field of definition (see [Ems99] , which generalizes [DH98] ). Hence theorem 2.1 is the special case of theorem 2.6 with B = P 1 and the good reduction assumption ensured by (GR0).
2.6. Further applications. 
Corollary 2.9. Conjecture 2.2 holds for 3 branch point covers.
Proof. Let f : Y → P 1 be a G-cover as in the statement of conjecture 2.2 with at most 3 branch points. These branch points are defined over an extension K 0 /K of degree 6. Up to composing f with a linear fractional transformation defined over K 0 , one may assume they are 0, 1 or ∞. Let P ⊂ G be a subgroup of order prime to each of the ramification indices e 1 , . . . , e r and of index m 0 . Pick a prime > m 0 . Condition (GR3) from remark 2.7 is satisfied with k = Q K 0 . Use then theorem 2.6 to bound |P ab | by a constant depending only on m 0 and K.
2.6.3. Abelian etale covers. The special case of theorem 2.6 with G = P abelian and e 1 = · · · = e r = 1 yields the following.
Corollary 2.10. Let B be a k-curve with good reduction and k of characteristic 0. Then only finitely many abelian groups occur as the Galois group of some unramified k-G-cover of B; and the number of those groups is bounded in terms of q, e and the genus g of B. The same holds for abelian groups with prime-to-order if either Jac(X) has anisotropic reduction and k is of characteristic 0 or X has good reduction with k of arbitrary characteristic.
Application to the Modular Tower Program
3.1. Realization of the characteristic quotients. Fix a prime p and assume we are given an extension 1 → P → G → G 0 → 1 of some finite group G 0 by a free pro-p group P of finite rank ρ 1. For example, G → G 0 can be taken to be as in Fried's papers the universal p-Frattini cover of G [FJ04, §22.11]. Consider next the Frattini series ( P n ) n 0 of P defined by: P 0 = P and P n = P p n−1 [ P n−1 , P n−1 ] (n 1). The groups P n are characteristic free pro-p subgroups of P and form a fundamental system of open neighborhoods of 1 [RZ00, Ex. 2.8.14]; in particular the quotients G n = G/ P n are finite and G is the inverse limit of the groups G n . As a consequence of theorem 2.1, we obtain the following result, a first version of which had been given in the first author's thesis [Cad04] .
Corollary 3.1. Let r 0 be an integer, k be a henselian field with finite residue field F q with (q, p|G 0 |) = 1 and n be an integer such that
Then every k s -G-cover f n : Y → P 1 of group G n with field of moduli k, with at most r branch points and with prime-to-p ramification indices necessarily has a singular branch divisor.
Proof. The result follows from theorem 2.1 applied to the p-subgroup P = P / P n of G = G/ P n . Note that [G : P ] = |G 0 | and that P ab (Z/p n Z) ρ . For the last isomorphism, just write
where in the third isomorphism ( P ab ) n is the n-th term of the Frattini series of P ab and ( P ab ) n P n [ P , P ]/[ P , P ] is easily established by induction; the last isomorphism comes from P ab Z ρ p (use the universal property of free pro-p groups).
Assume for every n 0 there is a G-cover f n : Y n → P 1 as in corollary 3.1 but with some number field as field of moduli (the same for each n, or, more generally, with a uniformly bounded degree). Corollary 3.1 yields this conclusion, which will be refined later (see corollary 3.9):
The set of primes | p|G 0 | of bad reduction of the branch divisor class of f n tends to the whole set of primes | p|G 0 |, that is, includes every prescribed finite set of primes | p|G 0 | provided n is suitably large. Conjecture 2.2 provides an even stronger conclusion; namely it implies the main conjecture of the Modular Tower program:
Modular Tower Realization Conjecture (Fried) . Let r 3 be an integer and K be a number field. Then only finitely many groups G n can be regularly realized over K with at most r branch points.
More specifically we have the following.
Corollary 3.2. This conjecture holds under conjecture 2.2, and more precisely under the variant in which P ⊂ G is a p-subgroup (with a constant possibly depending on p).
Proof. Consider as above the p-subgroup P = P / P n of G = G/ P n and apply our conjecture 2.2 with m 0 = |G 0 |. As |P ab | p n , the conclusion "|P ab | is bounded in terms of r, |G 0 | and K" can only hold for finitely many integers n; the corresponding groups G n are the only ones that can be regularly realized over K with at most r branch points and prime-to-p ramification. The result follows since it is already known that, as a consequence of the "branch cycle argument", (Fried-Kopeliovich theorem) if infinitely many groups G n can be regularly realized over K with at most r branch points, then it can be done with prime-to-p ramification [FK97,  Remark 3.4 (dependence in K). If the constant involved in conjecture 2.2 or in the Torsion Conjecture only depends on K through its degree [K : Q], then this stronger conclusion for the Modular Tower Conjecture can be deduced: given an integer d 1, only finitely many groups G n can be regularly realized with at most r branch points over some number field of degree d. (This requires extending the FriedKopeliovich theorem in the same direction. We leave the reader check that the same proof works over any field containing only finitely many roots of 1, and so in particular over the compositum of all number fields of degree d, which is sufficient for our purposes).
3.2. Modular formulation. §3.1 can be rephrased in terms of moduli spaces. From now on, we assume the ground field is of characteristic 0.
3.2.1. Moduli spaces. An important discrete invariant to classify Gcovers f is the ramification type (also called the inertia canonical invariant): it is the unordered r-tuple 11 {C 1 , . . . , C r } of the conjugacy classes in the Galois group of the so-called distinguished generators of the inertia groups 12 of any geometric fiber of f . Given a finite group G, an integer r 3 and C = {C 1 , . . . , C r } an unordered r-tuple of conjugacy classes of G, we denote the Hurwitz stack of G-covers of P 1 with r branch points, group G and ramification type C by H r (G, C). We also denote the stack of r-marked projective lines by U r . There is a natural functor H r (G, C) → U r sending each G-cover to P 1 marked by its branch divisor. These stacks admit coarse moduli spaces which we denote respectively by H r (G, C) (the Hurwitz moduli space) and U r . The functor above induces a finite morphism Ψ : H r (G, C) → U r . For every field k of characteristic 0 k-rational points on H r (G, C) (respectively, on H r (G, C)) correspond to k-G-covers (respectively, to k-isomorphism classes of G-covers with k as field of moduli) with invariants r, G, C. See [FV91] , [Wew98] or [RW06] for more on Hurwitz spaces.
Modular towers.
Retain the notation of §3.1. Assume in addition that the finite group G 0 is p-perfect, that is, G 0 is generated by its elements of prime-to-p order, or, equivalently, it admits no quotient isomorphic to Z/pZ 13 . Let then r 3 be an integer and C = {C 1 , . . . , C r } be an unordered r-tuple of conjugacy classes of G 0 of prime-to-p order 14 . From the Schur-Zassenhaus lemma, each class C i can be lifted in a unique way along the natural surjection G n → G 0 to a conjugacy class C n i of G n with the same order as C i to provide an unordered r-tuple C n = {C n 1 , . . . , C n r } (n 0). Consider the associated Hurwitz spaces H r (G n , C n ), which we denote for short by H n (n 0). By functoriality, the canonical surjection G n → G n−1 induces algebraic maps H n → H n−1 (n 1). The collection (H n ) n 0 given with these maps is the modular tower associated with the starting extension G → G 0 , r and C; we denote it by H( G → G 0 , r, C). Hurwitz stacks H n = H r ( G n , C n ) can be defined similarly (n 0). The collection (H n ) n 0 with the corresponding maps H n → H n−1 is the stack tower associated with G → G 0 , r 11 That is, an r-tuple regarded modulo the action of the symmetric group S r . 12 See [Dèb01, §2] for a definition of distinguished generator. The conjugacy class C i can also be defined topologically: it is the conjugacy class of the monodromy branch cycles corresponding to single loops about the branch point t i , i = 1, . . . , r.
13 Theorem 2.1 and conjecture 2.2 with P a p-subgroup are trivial if the group G 0 is not p-perfect.
14 By order, we mean the common order of the elements in the conjugacy class.
and C; we denote it by H( G → G 0 , r, C). For more on the construction of modular towers, which is due to Fried, we refer to [Fri95, part III]; see also [Dèb06] and [Sem06] .
3.2.3. Restatements. Corollary 3.1 and the Modular Tower Conjecture can be rephrased as follows. Let G → G 0 , r and C be as above.
Corollary 3.1 (reformulated). Let k be a henselian field of characteristic 0 and with finite residue field F q with (q, p|G 0 |) = 1. Then for every integer n such that
all the k-rational points on the n-th level H n of the modular tower H( G → G 0 , r, C) correspond to G-covers with a singular branch divisor.
Remark 3.5. Using theorem 2.6, it is possible to drop the assumption (q, p|G 0 |) = 1 in corollary 3.1 at the cost of a slight change in the bad reduction condition: more specifically, the conclusion becomes that all krational points on the n-th level H n of the modular tower correspond to G-covers f : Y → P 1 such that the quotient curve X := Y mod ( P / P n ) does not have good reduction. (Fried) . Let K be a number field. If n suitably large (depending on G → G 0 , r and K), (for stacks) there are no K-rational points on the n-th level H n of the stack tower H( G → G 0 , r, C). (for moduli spaces) there are no K-rational points on the n-th level H n of the modular tower H( G → G 0 , r, C).
Modular Tower Diophantine Conjecture
The Modular Tower Realization Conjecture from §3.1 is equivalent to the stack version of this new Diophantine form (use again the FriedKopeliovich theorem mentioned above for the direct part).
The moduli space version is a priori stronger than the stack version, but is more useful in practice for moduli spaces are schemes. In the appendix to this paper, we show the two versions are actually equivalent if in addition the dependence in K of the constants involved is through
15 . Consequently, the variant of conjecture 2.2 or of the Torsion Conjecture with dependence in K through [K : Q] implies the moduli space version of the Modular Tower Diophantine Conjecture (while the original variants are sufficient for the stack version).
15 D. Semmen pointed out to us that the equivalence also holds, even without this strong dependence of the constants, in the case that G is the universal p-Frattini cover of G, that is in Fried's original context. Remark 3.6 (relaxing the good reduction condition). Corollary 3.1 asserts there is necessarily bad reduction of the branch divisor corresponding to rational points over a henselian field k on suitably high levels of a modular tower. A natural question is whether there exist k-rational points at all on every level of a modular tower. Using Harbater's patching method over complete fields (which provides covers with bad reduction), the answer was shown to be positive under these assumptions: C is of Harbater-Mumford type (i.e. of the form C = {C 1 , C Example 3.7. For G → G 0 taken to be the pro-dihedral extension D p ∞ = Z p Z/2Z → D p (with p an odd prime), r = 4 and C consisting of 4 copies of the involution class of D p , the PGL 2 -reduced modular tower is isomorphic to the tower of modular curves Y 1 (p n+1 ) (n 0). A classical argument (recalled in corollary 3.9 (c) below) shows the Modular Tower Conjecture holds in this special case as a consequence of the fact that modular curves are geometrically irreducible and of genus 2 for large n.
Given a field F (of characteristic 0) with a discrete valuation v, we say that a proper closed subset D ⊂ P 1 F regarded modulo PGL 2 is smooth (or has good reduction) at v if some representative χ(D) with χ(D) ⊃ {0, 1, ∞} (for some linear fractional transformation χ) is smooth at v; as before we use the phrases singular or bad reduction in the opposite case. The following statement is a PGL 2 -reduced variant of our weak form of the Modular Tower Conjecture (i.e. corollary 3.1).
Corollary 3.8. Let G → G 0 , r and C be as above. Let k be a henselian field of characteristic 0 and with residue field F q with (q, p|G 0 |) = 1. Then there exists a constant d(r) depending only on r such that for every integer n satisfying
all the k-rational points on the n-th level H n,≡ of the PGL 2 -reduced modular tower H( G → G 0 , r, C) ≡ correspond to classes modulo PGL 2 of G-covers of P 1 with a singular branch divisor class modulo PGL 2 .
Proof. Let h ≡ ∈ H n,≡ (k) with n as in the statement. From [Cad07b, corollary 3.12], there exists a constant d(r) such that h ≡ can be lifted to some point h on the original Hurwitz space H n that is rational, together with each of the associated branch points t 1 , . . . , t r , over some extension k 0 /k of degree d(r). If χ is some linear fractional transformation such that {0, 1, ∞} ⊂ {χ(t 1 ), . . . , χ(t r )}, then χ is defined over k 0 . Thus if f is the k-G-cover corresponding to h, then the G-cover χ • f has field of moduli k 0 . It follows from corollary 3.1 that χ(D) is singular at v.
The next result collects some implications to the Modular Tower Conjecture.
Corollary 3.9. Let G → G 0 , r and C be as above and K be a number field. Assume the PGL 2 -reduced modular tower H( G → G 0 , r, C) ≡ has at least one K-rational point on every level H n,≡ . Then this holds: (a) The set of primes | p|G 0 | of Q of bad reduction of the branch divisor class modulo PGL 2 of covers in H n,≡ (K) tends to the whole set of primes | p|G 0 | when n → ∞, uniformly in h ∈ H n,≡ (K). In particular, there is no projective system of K-rational points on the PGL 2 -reduced modular tower.
(b) For every finite set S of primes | p|G 0 |, every level H m,≡ has K-rational points corresponding to covers with singular branch divisor class modulo every prime ∈ S (m 0). In particular there are infinitely many K-rational points on every level.
(c) If in addition r = 4, then each level H n,≡ has an irreducible component that is a curve of genus 0 or 1 (n 0). Furthermore, given a finite set S of primes | p|G 0 |, for every integer n such that
the image of the map Ψ ≡ : H n,≡ (K) → P 1 (K) \ {0, 1, ∞} 16 is contained in the subset {|λ| v = 1} ∪ {|λ − 1| v < 1} for every place v of K above some prime ∈ S.
Remark 3.10. The non-existence of projective systems of K-rational points on a modular tower first appeared in the Bailey-Fried paper [BF02] ; the result was then refined and extended to more general situations by Kimura [Kim05] and the first author [Cad04] [Cad07c] . The case r = 4 considered in statement (c) has been thoroughly studied by Fried [BF02] , [Fri06] .
Proof. (a) Let S be a finite set of primes | p|G 0 |. Apply corollary 3.8 with k = KQ and ∈ S. For every integer n satisfying the inequality of the statement with = max(S), we obtain that S is contained in the set of primes | p|G 0 | of bad reduction of the branch divisor class modulo PGL 2 of any point in H n,≡ (K); such a K-rational point exists by assumption. The second part of (a) is immediate as the branch divisor class is constant in a projective system of points.
(b) Fix an integer m 0 and a finite set S of primes | p|G 0 |. Use (a) to consider an integer n m such that all points in H n,≡ (K) have the property that the associated branch divisor classes modulo PGL 2 are singular modulo each prime in S. Such K-rational points induce K-rational points on H m,≡ with the same branch divisor, and so with the same property. This property guarantees existence of K-rational points on H m,≡ with a branch divisor class singular at some given prime not already in the finite list of primes of bad reduction of a given finite set of points on H m,≡ . In particular H m,≡ (K) is infinite. (c) Assume furthermore r = 4. The reduced Hurwitz spaces H n,≡ are then of dimension r − 3 = 1: they are curves. The first assertion then follows from Faltings' theorem [Fal83] . The rest of statement (c) follows straightforwardly from corollary 3.8 and the definition of bad reduction for some set {0, 1, ∞, λ}.
Remark 3.11. As for corollary 3.1, using theorem 2.6, it is possible to reformulate corollary 3.8 and corollary 3.9 without the assumptions (q, p|G 0 |) = 1 and | p|G 0 |. More specifically, in statement (a) of theorem 3.9, the set of primes | p|G 0 | of bad reduction of the branch divisor class modulo PGL 2 of covers f : Y → B ∈ H n,≡ (K) can be replaced by the whole set of primes for which the quotient curve X := Y mod (P /P n ) does not have good reduction. The changes to be done in the other statements are similar.
Let l be the fixed field of ker(s n 2 ,0 • φ n 2 ) in k. Then [l : k] |G 0 | and the restriction Res l k (s n 2 ,0 ([ω n 2 ])) is trivial in H 2 (l, s n 2 ,0 (Z(G n 2 ))). But the long exact sequence in cohomology associated with the first column of the above diagram yields the following exact sequence: · · · H 2 (l, ( P / P n 2 )∩Z(G n 2 )) → H 2 (l, Z(G n 2 )) → H 2 (l, s n 2 ,0 (Z(G n 2 ))) · · · So Res l k ([ω n 2 ]) actually lies in the image of H 2 (l, ( P / P n 2 ) ∩ Z(G n 2 )) in H 2 (l, Z(G n 2 )). Now the map H 2 (l, ( P / P n 2 ) ∩ Z(G n 2 )) → H 2 (l, Z(G n 1 )) is the zero morphism, from the definition of n 2 . Hence the quotient f n 1 : X n 1 → P 1 k of f n 2 : X n 2 → P 1 k modulo P n 1 / P n 2 is actually defined over l, which contradicts the definition of n 1 .
Comments. (a) (2nd case holds in Fried's original setting). The contents of this first comment is undoubtably known to experts (see for instance [Fri06, §2.1] referring to [Bro82, p. 97] ). We give it for selfcontainedness.
The condition P ∩ Z( G) = {0} is always satisfied when G is the universal p-Frattini cover of a p-perfect finite group G 0 . To prove this we need a few group theoretical preliminaries about universal p-Frattini covers. Recall that if G is a perfect group then its universal central extension [Rot95, §11] is a Frattini cover of G. There is a version of this for p-perfect groups.
Lemma. Let G be a p-perfect finite group. Then G admits a universal central p-extension
with kernel the p-part M (G) p of the Schur-multiplier M (G) of G. Furthermore, this extension is Frattini. H n (k) = ∅, for all suitably large n.
(ii) For any integer d 1 and any extension G of a finite group G 0 by a free abelian pro-p group P of finite rank 1, we have
for all suitably large n.
Proof. To prove (i) ⇒ (ii) we distinguish two cases.
• [ P : P ∩ Z( G)] is finite. Then P ∩ Z( G) ⊃ p n Z P for some n Z 0 and one can proceed as in the 1st case of the proof of proposition 1.
• [ P : P ∩Z( G)] is infinite. Then either Z( G)∩ P = {0} and one can proceed as in the 2nd case of the proof of proposition 1 or Z( G) ∩ P is a free abelian pro-p group of rank ρ − 1 (where ρ denotes the rank of P ). In this case P 1 := P /(Z( G) ∩ P ) Z r 1 p ⊕ Tors( P 1 ) with r 1 1 and as Tors( P 1 ) is normal in G 1 := G/(Z( G) ∩ P ) one can consider the quotient G 2 := G 1 /Tors( P 1 ) of G, which is an extension of Z
